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Existence and uniqueness of canonical points for best L,-approximation from an
Extended Tchebycheff (ET) system, by Hermite interpolating “polynomials” with
free nodes of preassigned multiplicitics, are proved. The canonical points are shown
to coincide with the nodes of a “generalized Gaussian quadrature formula” of the

form
b n n o ov-2
J u(t)o(t)sign [] t—x)idix Y ¥ au(x)
“ i=1 i=1j=0
vo—1 Vaay— 1
+ Y aguMa)+ ¥ a,,u(b), (*)
i=0 i=0

which is exact for the ET-system. In (), 3.2 =0if v,;=1, the v, (>0), i=1....n,
are the multiplicities of the free nodes and v, >0, v, , > 0 of the boundary points in
the L -approximation problem, 3.7} v, is the dimension of the ET-system, and ¢ is
the weight in the L,-norm.

The results generalize rcsults on multiple node Gaussian quadrature formulas
(V1. v, all even in (*)) and their relation to best one-sided L,-approximation.
They also generalize results on the orthogonal signature of a Tchebycheff system
(vo=v,41=0, v,;=1, i=1,.,n, in (*)), and its role in best L,-approximation.
Recent works of the authors were the first to treat Gaussian quadrature formulas
and orthogonal signatures in a unified way.  © 1986 Academic Press, Inc.
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1. INTRODUCTION

In this paper we study the existence and uniqueness of canonical points
for best L-approximation by “polynomials” from an extended Tchebycheff
(ET) system, which interpolate the approximated function at free nodes
with preassigned multiplicities.

For arbitrary preassigned multiplicites v = (vy,.., v,,;} with v,>0,
i=1,.,nv,20,i=0, n+ 1, the canonical points a=xF <xf< - <x*<
xy, = b determine a “generalize Gaussian quadrature formula” (GGQF) of
the form

b
f u(t) o(x*, v; 1) dt
n o vi—2 ) vi— 1 )
) Y auxN+ Y Y au(x}), (1.1)
i=1j=0 i=0n+1 /=0

which is exact for all functions in the ET-system U =span{u,..,uy} of
order N+1=37*!v, In (1.1) we use the convention 3;_,=0if s <0, and

o(x, v; t)=o(t) sign ﬁ (t—x;)", (1.2)

i=1

where o(7)e C[a, b] is the positive weight function in the L -norm.

The GGQF (1.1) is a generalization, on the one hand, of the multiple
node Gaussian quadrature formulas ((1.1) with v, .., v, all even), which
determine the canonical points for one-sided L,-approximation, while on
the other hand it generalizes the notion of the orthogonal signature
(vi==v,=1, vg=v,,,=0, in (L.1)), which defines the canonical
points for best L,-approximation from U.

The famous quadrature formulas of Gauss have been an attractive sub-
ject of investigation. The classical result of Gauss guarantees the existence
of a unique set of n points in the interval of integration such that the
corresponding interpolatory quadrature formula is exact for all algebraic
polynomials of degree <2n— 1. This result was extended during 1950-1955
to arbitrary Tchebycheff systems by Krein [14], and to quadrature for-
mulas with nodes of odd multiplicities in the algebraic case, by Turan [18],
Tschakaloff [17], and Popoviciu [16]. The uniqueness of the multiple
node formulas in the algebraic case was proved much later by Ghizzeti and
Ossicini [8]. The existence, uniqueness, and relation to best L,-
approximation of the multiple node Gaussian quadrature formula in the
case of complete ET-systems were proved by Karlin and Pinkus [12, 13].
Later Barrow [2] proposed a simpler ingenious proof of the existence and
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uniqueness based on topological degree, which obviates the requirement of
the completeness of the ET-system.

Parallel to this line of investigation the existence of canonical points for
best L,-approximation, which goes back to Markov, was proved by Hobby
and Rice [7]. A simpler proof was given by Pinkus [15], based on the
Borsuk Antipodality Theorem.

The unified approach to these two lines of investigation, leading to the
notion of GGQF and canonical points for best L,-approximation for
arbitrary preassigned multiplicities of the nodes of interpolation, was
originated by the first author of this paper in [3, 4] and independently by
the last two authors in [5]. In the papers [3, 4], the existence, uniqueness,
and relation to best L,-approximation of the GGQF is proved for the
algebraic case, while in [5] these results are conjectured for ET-systems
and then used in the proof of the uniqueness of monosplines and perfect
splines of least L,-norm in a unified framework, via the notion of
“generalized monosplines” (see also [6]).

In Section 2 we establish our first main resuit:

EXISTENCE AND UNIQUENESS THEOREM. Ler U=span{uy,.., uy}<
CV[a, b] be an ET-system and o€ C[a, b] a positive weight function. Then
Jorvo=0,v,,,20,v,>0,i=1,.,n, such that N+ 1 =311 v, there exists
a unique set of nodes x* in

Q,={x={X0, X1y, X,y 1) 1A= Xg< X, < " <X,<X,,,;=b}, (13)

Sfor which the generalized quadrature formula (GQF)

b n+1 vi—1
[(utyotxtvindi="y ¥ aux¥).  uel, (1.4)
a i=0 j=0
has the property
ai,v,~1 = 07 l= 1’--'3 n. (15)

The proof of this result can be based on arguments from topological
degree theory, as a direct extension of the method of Barrow [2]. Here we
choose to prove the existence by using the Borsuk Antipodal Theorem as
in Pinkus’ proof of the Hobby-Rice theorem [15]. The uniqueness is
proved by a new inductive argument. In order to use induction, we prove
the existence of GQFs with two types of nodes: fixed nodes and Gaussian
nodes (see also [9]).

The existence of canonical points for best L,-approximation by inter-
polating “polynomials” with preassigned multiplicities of nodes v, is proved



338 BOJANOV, BRAESS, AND DYN

in Section 3. More precisely it is shown that for any u,,, such that
{ug,.., un,,} is an ET-system of order N + 2, the extremal problem

min {fb Vs 1 (1) —u(t)] o(2) dt: we U, u(x;) = uld, ,(x,),

xX€ 2, a
j=0,.,v,—1;i=0,.,n+ 1} (1.6)

has a unique solution in £,, independent of u, , ,. This solution x*e€ 2,
coincides with the set of nodes of the GGQF (1.1), and the Lagrangian
multipliers for the restricted optimization problem (1.6), constitute the
coefficients {a;} in (1.1).

Before concluding the Introduction we define, for the sake of com-
pleteness, the notion of an ET-system, which is central to this work.

DEFINITION 1. {ug,.., uy} = C"[a, b] is an ET-system on [a, b], if for
any a<ty< - <ty<h,

det {u{(1)} N _o>0, (1.7)

where ,=max{m:t,_, =1, m<j},j=0,., N.

It follows directly from Definition 1 that any u € span {u,..., uy}\ {0} has
at most N zeros, counting multiplicities, in [a, ], up to order N.

2. EXISTENCE AND UNIQUENESS

The existence of generalized Gaussian quadrature formulas can be easily
shown via the Borsuk Antipodal Theorem. Since the latter is usually shown
by induction [1], it is probably more than a coincidence that we establish
uniqueness by an inductive argument. For this purpose we consider
generalized quadrature formulas (GQFs) with two types of nodes: free
nodes and fixed (or prescribed) nodes (see also [9]).

THEOREM 1. Let the conditions of the existence and uniqueness theorem
prevail, and let 0 < k < n. Given n— k distinct nodes t, , |, t; 2, t,€(a, b),
there is a set of k nodes a=t,<t,<t,< -+ <tpy<t,,,=b such that for
t=(Lgss tis Lig 1o Epat)

n+1lvi—1

Jbu(t)a(t, vidi— Y Y aut)=0, uel, (2.1)

a i=0 j=0
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with

a, =0, i=1,2..k (2.2)

Remark 1. The nodes ¢, t,,.., t, are called the Gaussian nodes of the
GQF. Some of them may coincide with some of the prescribed nodes
(cf. [9]). In such cases (2.1) must be adjusted as follows: if t;=1,, j <k </,
then 1, has to be removed from the list of fixed nodes and the multiplicity v,
is to be replaced by v;+v,. Note that such merging of nodes changes
neither N nor the sign of a(t, v; 7).

Our first aim is to understand the fact that the sign changes of
+a(t, v; t) at the Gaussian nodes provide the only sign pattern which is
consistent with (2.2) for the multiplicities v,,..., v,.

LEmMMA 1. Let 1<k<n and ty<t, < - <ty <t,,, Assume that
|s(t)l =1 and that s is constant in the subintervals (tq4,t;), (¢, t5),.,
(tes t,o 1) Moreover let s(t)= +1, te [ty, t,] and t be as in Theorem 1. If in
a formula of the form

b n+1 vi—1
j wt)o(t,v;)s(tydi='Y Y aut), uel, (2.3)
a i=0 j=0

(2.2) holds, then s(t)= +1 in ( — {1 L)

Proof. Define an auxiliary multlphcxty vector @ by

w,=v;,—1, if s changes its sign at 7, 1 <i<k,

i

=v, otherwise.
Moreover choose w,, , ; such that 7%} (w,—v;)=0. Obviously a(t, ®; 1) =
s(2) o(t, v; t) almost everywhere. Consider the function ue€ U which solves
the interpolation problem

u(t,) = Oins19

Sl — 13

j=0,1,.,w,—1,i=0,1,..,n+1. (24)

From (2.4) it follows that » has N zeros counting multiplicities. Since {u,,
Uy,.., Uy} is an ET-system, u has no more zeros than specified. Hence
u(t) o(t, @; 1) is of constant sign in [a, ] and [4u-o(t, ;) #0. On the
other hand ® # v implies w,,, , > v, ., and by (2.4) the right-hand side of
(2.3) equals zero. This contradiction leads to the conclusion that s(¢) has
the same sign in (a, b) — {ty,, L} §

The next step towards the proof of Theorem 1 deals with the sign pattern
of the leading coefficients in (2.1), corresponding to the Gaussian and the
boundary nodes.
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LemMa 2. If a,, =0 holds for some le {1,..,n} in a GQF of the type
(2.1), and if v, 2 2, then

signa,, ,=0,;=signo(t, v;t,+0). (2.5)
Moreover if vo>0 in (2.1) then
sign ay;=signa(t,v;a+0), j=0,.,v,—1, (2.6)
while if v,, >0
signa, , ;=(—1)Vo(t,v;b—=0), j=0,,v,,,—1 (2.7)
Proof. Choose ue U according to the N interpolation conditions
ue)=06,,_2  j=0.,v,—2,u(1,,,)=0,

. (2.8)
u(t)=0, j

0,.,v,—1,i=0,.,n+1,i5#l

As in Lemma 1, u € U has no more zeros than the N specified by (2.8) and
u-o(t, v;-) is of constant sign in [a, b]. Since sign u(t,+0) >0,

sign[u(t) o(t, v; )] =sign a(t, v; t,+ 0), tela, b]—{t),st,},
and therefore

b
signj u(t)olt, vi ) dt = a,,

a

while by (2.1) with a,,, , =0 and by (2.8)
b
Q2= utyolt,vie)dr

This proves (2.5). The sign patterns (2.6) and (2.7) are obtained
similarly. J

The main tool in the proof of Theorem 1 is a topological argument (see,
eg., [1]).

BORSUK ANTIPODALITY THEOREM. Let Q be a bounded, open symmetric
neighborhood of 0 in R™*' and let Te C(0Q, R™) be odd on 0%, ie.,
T(—x)= —T(x). Then there exists an x € 082 for which T(x)=0.

Proof of Theorem 1. Let S*c R**! be defined by

k
Sk={y=()’0,y1’---,yk)i Z |y, :b.—.a}
i=0
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Given ye S* we associate with y the vector t=t(y) specified by t,=a,
ti=t;,_ +ly,(,i=12.,kand ¢, i=k+1,.,n+ 1

Since by this construction the nodes #,(y), 1 <i<k, are not necessarily
distinct, divided differences are used to extend the definition of the GQF
(2.1) continuously to all possible t(y). Thus we define {7, , 7,,.., iy} to
contain v, times the node ¢, for i=0,..,n+ 1, and enumerate the #s such
that

vy i=t,  i=1,2,.k (2.9)

For U< C"[a, b], the divided differences u[?y, {,,..., {;], ue U, are con-
tinuous functions of the j arguments, in [a, ]/, for 0 << N [10, p. 252].
We consider the linear functionals /, defined by

L+ vl

L= (sign p) [ uty ot vi o)

N
— Y bulio, iy, 1] (2.10)
i=0

J

Here t=t(y) and b,=b,(y), j=0, 1,.., N, are to be chosen so that
ly(u;) =0, i=0,1,., N (2.11)

Conditions (2.11) provide a linear system of equations for the N+ 1 coef-
ficients bg, by,..., b5. The matrix is nonsingular, being the adjoint of the
matrix for the Hermite interpolation problem at t, by functions from U.
Since the matrix and the right-hand side of the equations are continuous
functions of y, the mapping T: S* — R,

T(y)= {ba(y) by (¥ by iy (¥},

is continuous and odd. By the Borsuk Antipodal Theorem we have Ty* =
T(—y*)=0 for a y*e S*. Formula (2.10), in view of (2.11) and the choice
of y*, becomes

d Hy*)+ Iyfl
Y sign y¥* J( ey, v d
i=0 tly*
N-—-k . R
= Y b ulify e ¥, uwelU.  (212)
=0

Let a<t,< - <1,<b, s<k, be the distinct nodes among
t(y*),..., ti(y*), contained in (a, b), and denote by 0=1,<1,,,< - <
T, <Tp, ., = b those nodes among ¢, ¢, , |,..., t,, 2, ; which do not coincide
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with one of the nodes 7,,..., 7,. Then (2.12) can be written in the form (2.3)
with the nodes t, the multiplicities

wi= YV, IGy={jlt(y*) =7}, i=0,.,m+1,

Jje I(i)
and, in view of the ordering (2.9), with

aj,w,— 1

=0, j=1,..,s.

Hence by Lemma 1 all the non-zero components of y* are of the same sign,
and (2.12) is equivalent to a GQF of the form (2.1) satisfying (2.2) with
nodes t and multiplicities w.

To conclude the proof of the theorem it remains to verify that y*+#£0,
i=0,..., k. Suppose to the contrary that y* =0 for at least one i/, 0 <i<k.
Then either there exists /, 1 </<s, such that

A1 = Q2= 0

or y¥y#¥=0 and therefore at least one of the coefficients a,,_,,
@y 1w,.,—1 vanishes. In all three cases we obtain a contradiction to
Lemma 2. Therefore ey* >0, i =0,..., k with e= +1 or —1, and the formula
(2.12) is of the desired form. ||

As is obvious from the proof of Theorem 1, explicit relations between
formula (2.1) and its equivalent formula in terms of divided differences are
important in the study of GQFs with Gaussian nodes.

LeMMA 3. Given a=1t,< - <t,, =b, let {i,,.., Iy} consit of each t,
repeated v, times, i=0,.,n+1. Then for ueC"' " '[a,b] with
[v] =max{v,-|0<i<n+1},

n+1vi—1
uligrs ix]=Y Y CyouVt

. i=0 j=0
with

+

Coimr = (ti—1)" "

xll

Proof. The lemma is a direct consequence of the following formulas for
divided differences [10, p. 252]:

n+1 n+1 1
fltor tivm tarid= Y S T] (ti—1) 1,
‘o ;
i i
nﬁl 1 vi—1
u[[o ooy Loseny € Lo b l]=< — . )u[IO, Ly tn+]]~ I
,Vo seey Ty ~ n+l o (v, 1)t oey—!

Now we are in the position to prove a uniqueness result.
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THEOREM 2. Let the conditions of the existence and uniqueness theorem
prevail and let 0<k<n. Given n—k nodes a<t,, <ty ,,< - <t,<b
there is at most one set of k nodes in (a, ty , ),

A<t <t, < <tp<liii (2.13)

for which the GQF (2.1) with the nodes 1y, t,,..., t, ., satisfies (2.2)

Proof. There is nothing to prove for k=0. Let £ >0 and assume that
the theorem is true for & — 1.

Given t, . ,,..., t, suppose that there are two sets of & Gaussian nodes in
(@ teyy): {0F, t¥ o tf) and {t}*, 3*,..,t¥*}. In view of the induction
hypothesis 1} # ¢¥*, and we may restrict ourselves to the case ¢} <t}*.
Define a subset Y of ¢, t}*] as follows: If ¢,€ Y then there are k—1
nodes ¢, < -+ <1, 4 in the interval (a, ¢,) such that

a, =0, i=1,2. k-1, (2.14)

in (2.1) with the nodes 1, ¢,,.., ¢, ;. Obviously £, t¥*e Y.

First we verify that Y is open in [¢}, ¢#*], and then show that Y =[¢},
1#*]. To do so, we regard the N—k+2 weights a={a;} in (2.1), not
prescribed by (2.14), and the kK — 1 Gaussian nodes, ¢,..., 1, _, as functions
of 7., to be determined implicitly by the system of equations

Fa, t\,..t, 5t)=0 j=0,1,,N, (2.15)
which is obtained by applying (2.1) with (2.14), a(¢,), and the nodes

t07 tl(tk),"" zk— l(tk)’ tk9 tk+la'"’ tn+1

to u;, j=0,., N.
Differentiation of (2.15) with respect to 1,, yields.

a d,
E, (0i-1—0;)ult) o(ti)d_t;
— ’Z: :ZOI [a,-,u”“’(ti) Z—tt,i_*-c;it: u(”(t,-)] =0,
u=u;,j=0,.,N, (2.16)
with
V,=v,—1, I1<ig<k—1,

=v,i=0, k<i<n+],
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and
di;jde, =0, i=0,k+1<i<n+1. (2.17)

The Jacobian of F = {F;}" , is the determinant of the linear system (2.16)
for the N+ 1 derivatives

dt;/dr,, I1<igk-1, (2.18)
dag/dt,, j=0,.,9%,—1,i=0,.,n+1 (2.19)

Thus the Jacobian of F is non-singular if the derivatives (2.18) and (2.19)
are uniquely determined by (2.16). Indeed for v, € U satisfying the N inter-
polation conditions:

Ul(ju)(tl)=5115 'u=0,..., V,—1,1=0,...,n+ 1,

jus
we obtain from (2.16) and (2.17) the simplified system of equations.

dt, da;

Aij—1 d—tk +Ef = _ak,kalvz_(‘j"k)(zk)a
=0 v, =2, i=1, k=1, (220)
dt;
a;, L=_q o U0 (1,),
ivi 2dlk kv —1 z,v,~1( k)
i=1,., k-1, (2.21)
da;;
E‘i: “ak,vk~IU,(jvk)(tk)_ak,/_l(Sik,

j=0,v,—1,i=0,i=k,n+1, (222)

with the convention
a, _,:=(o;,—a, )o(t,), i=1,., k-1 (2.23)

Equations (2.21) determine the derivatives (2.18), since a,, ,#0,
i=1,.,k—1, by Lemma2 for v,22 and by (2.23) for v,=1. The
derivatives (2.19) are then determined explicitly by (2.20) and (2.22).

In particular

dak,vk -1 _

dt,

Qg2 _ak,vkvlvl(::zfl(tk)a (2.24)

and for ¢, =t}

dak,vk —1

ak,vk—l(tlf)=0: dtk

(1) = —ap - oALF). (2.25)
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Invoking the Implicit Function Theorem we conclude that a(z,),
ty(t)yns by 1(2), determined implicitly by (2.15) are differentiable
functions of z,, and hence there is ¢ >0 such that

tyq t¥+e)cy, t¥* —g t}¥*]c Y.
k k k k

By the continuity of ¢,(z,) < --- <t,_,(¢;), and in view of Theorem I,
Y=t} t¥*] if there is no 7, € (¢}, 1¥*) such that

Hm 1, (1) =1, (2.26)

lk—b;k

Suppose to the contrary that (2.26) holds, and that 7, € [t*, 1**] is the
smallest with this property, namely that [z}, 7,) = Y. Now by the proof of
Theorem 1, for each ¢, e [, t¥*], the GQF with the Gaussian nodes
t(24)s te_ 1(2) and the prescribed nodes ¢, t;, t , 15 £, 1 €N be Writ-
ten in the form

N—k+1

jb w(t) o(t(t), viydi= Y b(te) ulfosn 1], (2.27)

a

where (#,) = {#g,, [y_x 1} consists of each Gaussian node repeated one
time less than its multiplicity, while each prescribed node is repeated
according to its multiplicity. Also by the proof of Theorem 1, the coef-
ficients {b;} in (2.27) are continuous functions of #,. Let 7, _,,,=1t,; then
for all ¢, e (¢}, 7,) we obtain by Lemma 3

by i 1lti) WS - ned
gy = (L= 1) ™" l_[ (1 —1(t,)) bl H (te—1) "
(v —1)! =1 j=k+1
(2.28)

On the other hand, for t,=1,, t, _,(i,)=17, is a Gaussian node of mul-
tiplicity ¥ :=v,_, + v, and the coefficient of u'*~?(7,) in the GQF is given
by

. by i r1fe) - .
ak.ﬁfzzﬁ(t/ﬁx_to) 0
k-2 N nel
< [T Ge—t@n =" T (Fe—1)~" (229)
j=1 k41

Now for >0 small enough, it follows from (2.25), Lemma 2, and (2.23)
that signa, , ,(t,)= —a, for t, e (¢}, t¥+n), and hence by (2.28)

Sign by 1(L) = o (= DF40Y, ree(t}, tr+n). (230
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If by o 1(f)=0 for 7, <7, we take t¥*=1{,, and conclude that ¥ = [},
t¥*]. Otherwise we can assume that b, _,, (#,) #0 for t,e (¢}, 7,]. That
by_x+1(1,) #0 follows from (2.29) and Lemma 2. Hence b, , ,(#,) has a
constant sign in (¢}, 7, ]. But (2.29) and Lemma 2 yield

sign by i1 (Fe) = 0,(— T4, (2.31)

in contradiction to (2.30). Thus (2.26) cannot hold for 7, e (¢}, t¥*), and
Y=[tf t}*]. By choosing 1}* as the first zero of a,,, ,(z,) in (¢, t¥*],
we guarantee that for each ¢, € (¢}, t¥*) there is a GQF (2.1) with nodes
to<tit)< - <t (tpy<ty<--<t,,; and coefficients satisfying
(2.14), such that a,,, ,(t,)#0. Hence a,,, _(¢;) has a constant sign in
(t¥, t¥*), which is determined by (2.25), Lemma 2, and (2.23) to be

Sign ak,vk—](tk)z ——O-IM tke(t:s tl:k*)

On the other hand, (2.24) evaluated at 1}*, together with Lemma 2 and
(2.23), determines the sign of a,, (t;) to be +o, in (¢, t}¥*). This
provides the desired contradiction, and the uniqueness is proved. [

The existence and uniqueness theorem of Section 1 is an immediate con-
sequence of Theorems 1 and 2.

Before concluding this section we conjecture that the uniqueness result of
Theorem 2 is valid without the restriction (2.13); namely, there is a uni-
queness result for the GQFs which are known to exist by Theorem 1.

3. EXTREMAL PROPERTIES OF
GENERALIZED GAUSSIAN QUADRATURE FORMULAS

In this section we study the extremal properties of the nodes of the
generalized Gaussian quadrature formula (GGQF),

b vo— 1 . noov—2 .
[Joxwnrwan Y anf@@+ Y ¥ anfOx)
a 2=0 k=1 4i=0
vapl—1
+ Y au 1, SPAb), (3.1)
1=0
which is exact for an ET-system U =span {uy,..., uy} of dimension N+ 1=
n+1
k=0 Vi-

The sign pattern of the leading coefficients in (3.1) is obtained as a direct
consequence of Lemma 2:
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THEOREM 3. Let (3.1) be exact for all the functions in U. Then

signa,,, _,=sign o(x, v; x;+0), ifv,>1,i=1,.,n,
sign a, , = sign o(x, v; a+0), ifvg>0, p=vy—1,
sign a,, , ; , =sign a(x, v; b —0)( — 1), ifv,,, >0, u=v,, ,— 1L
(3.2)
Given the vector of multiplicities v,
ve 20, Vo120, v, >0, i=1,.,n (3.3)

we consider the minimization of the functional I,(x),

I(x):= Jb | P(x, v; t)| o(2) dt, XEQ, ={Xia=x4< " <x,,,=b},
(34)
with P(X, Vi) =up_, | + >0 Cily Satisfying
PAx,v;x,)=0, Ai=0,.,v,—1,i=0,.,n+1. (3.5)

Here ug,..., Uy, piy, 1 is an ET-system of order N +2, with p=+1 or —1,
so that

sign P(x, v; 1) =signa(x, v; t), te(a, b)— {xy,, X, }. (3.6)

This problem is related to the generalized Gaussian quadrature formula
(3.1) by the following theorem:

THEOREM 4. If E=(a=¢y< - <&, 1=b)eQ, minimizes I,(x) of
(3.4) over 2, then &,,..., &, . | are the nodes of a quadrature formula of the
form (3.1} vrelated to the multiplicities v, which is exact for
U =span{uy,.., uy}.

Proof. The minimization of I,(x), with P(x, v, t) constrained by (3.9), is
equivalent to the minimization of the functional.

I,(x,¢) = fb (uN+1+ > Ck“k)(t)lo( ) dt

a

n+1vi—1

- Z Z ;Lu(uN+l+ Z Ckuk>(j)(x)

i=0 j=0
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with 1;, j=0,.,v,—1, i=0,.., n, the corresponding Lagrange multipliers.
Hence & and the optimal vector ¢* satisfy.

ol
~ (&, ¢e*)=0, k=0,.,N, (3.7)
dc,

,¢*)=0, k=1,.,n (3.8)

These equations are equivalent, in view of (3.6), to

b n+1vi—1
j wyox,vi)ydi=Y Y ALud(x), k=0..N,  (39)
a i=0 j=0
and
ve—1
Y A PUTD(X, v; x,) =0, k=1,.n (3.10)
=0

Now, since P(x, v; t) satisfies (3.5) and its number of zeros counting mul-
tiplicities does not exceed N + 1,

PYO(x, v;x)#0, k=1,.n,

while by (3.5) and (3.10) A, _,P"(x,v;x,)=0, k=1,.,n Hence
Ak —1=0, k=1,..,n, and (3.9) is of the form (3.1) and is exact for U. |

Following the method of proof in [11], we obtain the existence of a
point § € 2,, minimizing /,(x), from the next two lemmas:

LEMMA 4. For given non-negative multiplicities v= (Vg v, ), With
vo >0, let P(x, v; t) be defined by (3.5) and (3.6). If § € Q,, minimizes

Lx)=[ 1Pxvioleydr,  xeQ,,

then for V= Vg, V|, V{yr Vui 1) With Vo + V=g, ¥520, ¥, >0, there exists
&> 0 small enough, such that

[ 1P@ vinlotey de> [ 1P, 9 )l ote) (3.11)

forallE=(a,a+n,¢,,., ¢, b)eR,, |, with0<n<e.

Proof. By the optimality of § and by Theorem 3, £ satisfies (3.9) with
Awe—1=0, k=1,..n Applying (39) to P(§ v;t}— PE ;1) e U, we
obtain.

vo— 1

f [P v:1)— P& %;0)] 0& vi ) dt= — 5 agPOE, %;a). (3.12)

Jj="o
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Hence
b b "
[ 1P v 0lo() di— [ 1PE % 0] o(0) dr

_ N g PG 6 +j "PE v )o@ v —o® ¥ 0] (3.13)

ji="%

The proof of the lemma is completed by showing that for ¢ >0 small
enough the dominating term in the right-hand side of (3.13) is
dg,,—1 P~ N(E, ¥; a), and that this term is negative.

Since {ug,-., Uy} and {ug,..., uy, } are ET-systems on [a, b]

lim PYE, ¥:1)= PV, v: 1),

n—0
uniformly in [a, b] for j=0, 1,...,, v;. In particular for ¢ >0 small enough
P& ¥ 1)=PYUE v 1)+ O(n) #0, a<t<a+n<a+s (3.14)

since PCO(E, v, a) #0.
Now by Rolle’s theorem, P™~/Y(E, v; ) has exactly j simple zeros in
(a,a+n), j=1,..,vy— 7y, and

T, >T,> 0 >1 >a, (3.15)

vo— ¥

where 1; is the smallest zero of P* (&, ¥;¢) in (a, a+n).
It follows from (3.14) and (3.15) that

| P, 9; 1) < | PP DE, ¥; )],

R ] ast<rt, (3.16)
sign P~ (E, ¥; 1) = —sign PM(E, v, a),

and since for j=2,.., vy — ¥,

PO §; )= PMoi+ INE 4 TAONE—1)), a<t<t,<t, (3.17)

where 1 <7(t) <t;, we finally obtain that

| PO N(E 9 ) <P VE va)(r—a) ), a<i<t;, =1, vo— T,
(3.18)

The bounds in (3.18) guarantee that a,,,_; P*~ (&, ¥; a) is indeed the
dominating term in the right-hand side of (3.13). That this term is negative

follows from (3.2), (3.16), and the observation that sign P®(E, v;a) =
signo(&, v;a+0). |

640/48/4-2
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A

~ Remark 1. The same result as Lemma 4 holds for ¥=(vg,.., v,, ¥,,

Voo §=(a &, ¢ b—n,b)eQ,, |, with ¥, +9,, =v,,, and 7,>0.
LEMMA 5. Let v be non-negative multiplicities with v,>2 for some i,

1 <i<n, and let P(x, v:t) be defined by (3.5) and (3.6). If £ € Q,, minimizes

b
Lx)=[ 1PxvDlo(d,  xeQ,

then for V= (vo, Vipuy Vi1, iy Vis gy Vig 150 Vg 1) With 9,>0, ¥,,,>0
satisfying ¥, + %, | = v, there exists ¢ >0 small enough such that

Azjb | P(E, v; 1)] o(1) dz—jb |PE, ¥, 1)|o(t)dt>0 (3.19)

for a” E=(a’ éla'"a éi—laéi_é’ €i+n9 éi+la-'-7 énab)egn+17 Wlth
d=0(n)>0and 0<y<e’

Proof. As in the proof of the previous lemma, we use the generalized
quadrature formula (3.1) at the optimal nodes &, guaranteed by Theorem 4,
to obtain

vi—2
A= - a,PYE %)+
j=0

Eitn

PE, ¥;1)[a(&, v; 1) —a(&, 9; )] dr. (3.20)

i

Since v, > 2, the sum in (3.20) is not empty, and by Lemma 2
signa,,,_,=sign P(§, v; £, +0)=sign o(&, v; £, +0). (3.21)

Moreover it can be shown, as in the proof of Lemma 4, that P~/ ¥; 1)
has exactly j zeros, counting multiplicities, in [£,— 9, &, +#], 0<j< v, for
>0, n>0 small enough, since

POYE ;1) =PUNE, v; E)+ O + 1) #£0,  &—8<t<E+1.(322)

In particular P*~ 2, ¥;¢) has two simple zeros in [, —6, &;+1n], and
PY=Y(E ¥, 1) has a unique simple zero t,€ (¢, —4, &,+n), with all the
Rolle zeros depending continuously on #, d. Since for n =0, 1, (£, -9, &),
while for 6 =0, 7, e(¢;, &;+ 1), for each 0 <n <& with ¢ >0 small enough,
there exists d(n) > 0 such that 7, =¢,. For this choice of d(n), the two sim-
ple zeros of P2 ¥:¢) in [&,—d(n), &, +n], denoted by tL <R, are
separated by &,. Therefore

sign PV~ (&, ¥; &)= —sign PP, v; &)= —sign a(§, v; &, 4 0),  (3.23)
and
[PODE 0 ) < PUPE 8, th<e<ed (324
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In case v,=2 it is obvious that a,, P(§, ¥; £,) is the dominating term in
the right-hand side of (3.20). The term a,, _, P*~ (&, ¥; ;) is negative for
all v;>2, by (3.21) and (3.23). Thus to conclude the proof it is sufficient to
show that this term is dominating also in case v, > 3.

Let 17 <{, <t} be the smallest and largest zero of PU=E ¥;¢) in

[&:—3(n) &+ 1], j=2,., v;, and let J;:= [z, t*]. Then

max | P (& ¥; 1) = max |PYAE v 0)], 3<i<v. (3.25)

reJ; te i

Since each zero tf-_,, tf_, is either a Rolle zero of P*~/* (&, ¥; 1) or an

endpoint of [&,—6(v), &, +n], PV /(E, v:t) vanishes at least once in
[t}_,, 7} ;] and hence by (3.25) and the mean-value theorem

max | P (&, v; )] < max | PO/ OE §, 0)|(¢R — 1), 3Ky,
teJ; te i

These bounds together with (3.24), yield
| PO B EN S IPYT2E 0 E)I+8Y % 3Ky,
and the proof of the lemma is compieted. ||
As a direct consequence of Lemmas 4 and 5 and Remark 1, we obtain:

THEOREM 5. Given multiplicities v=(vgy..., v, ) With v,>0, i=1,.,n,
and vy 20, v, =0, there exists a unique point § € 2, minimizing

1,(x)= f” |P(x, v: )| o(t)dt, xeQ

no

with P(X, V;)=uy,  + 2N c;u;, satisfying (3.5) and (3.6). Moreover  is
independent of the particular choice of u, ., from the set of functions

K(U) = {v|{ug,.., un, pv} is an ET-system on [a, b], with p=+1 or —1}.

Proof. 1,(x) is a continuous function of x in €,, and can be extended
to Q, continuously by defining P(x, v; t) for x € 62, of the form.

azx()z PN =xi1\1<xi|= P =xiz»-l< cen <'xim+1= - :xn+l=b’
(3.26)
according to the law P(x, v; ¢) := P(y, p; t) with
e1— 1
=Y e, j=0nam41(ie=0in,,=n+2),  (327)
k=i

y=(a=xo<x,< ' <x, =b)eQ,. (3.28)
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We denote the relation of type (3.27) between p and v by p<v. With this
definition of P(x,v;7) in Q,, min I(x) over xeQ, is attained. If the
minimum is attained for x € 0£2,, then it is also the minimum of 7,(-) over
2,., where m and p < v are defined by (3.26) and (3.27). Yet, by Lemmas 4
and 5 and Remark 1, if ye 2, is a solution of this minimization problem,
there exists fi=(ggy» Umyia), M<A<v, and $e€£,.,, such that
L(x)=1,(y) > I,(¥). Since for any %€ 2, related to § and fi according to
(3.26)-(3.28), I;(y)=1,(x), we arrive at a contradiction to the assumption
that /,(x) is minimal for x€0Q,,.

Therefore the minimum is attained only in Q,,, and in view of Theorem 4
and the uniqueness of the corresponding generalized Gaussian quadrature
formula with multiplicties v, the minimum is attained at a unique point
& e Q,, which is independent of the choice of u, ., from K(U). The proof is
completed. |

The following result is a direct consequence of the above proof:

COROLLARY 1. Let v=(vg,.,V,, ) be as in Theorem5, and let
B = (Horws fm 1) satisfy p<v. Then

min jb | P(x, v; 1) o(t) di < min fb |P(y, p: )| o(t)de.  (3.29)

Xe R, €8mYa
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